Abstract. We use the theta lifts between Mp 2 and P D × to study the distinction problems for the pair (Mp 2 (E), SL 2 (F )), where E is a quadratic field extension over a nonarchimedean local field F of characteristic zero and D is a quaternion algebra. With a similar strategy, we give a conjectural formula for the multiplicity of distinction problem related to the pair (Mp 2n (E), Sp 2n (F )).
Introduction
The distinction problems have been extensively studied for classical groups such as [4, 10, 3, 18, 22, 21] . However, very little is known for the distinction problems for covering groups in the literature. This paper focuses on the distinction problems related to the pair (Mp 2n (E), Sp 2n (F )), where Mp 2n (E) is the nontrivial two-fold metaplectic cover of Sp 2n (E) and E/F is a quadratic extension of nonarchimedean local fields.
Let F be a finite field extension of Q p . Let W F be its Weil group and W D F be the Weil-Deligne group. Let E = F [δ] be a quadratic extension of F with Galois group Gal(E/F ) = σ , where δ 2 ∈ F × . Let G be a quasi-split reductive group defined over F with the Langlands dual groupĜ. Let Irr(G(F )) denote the set of the smooth irreducible admissible representation of G(F ), up to isomorphisms. Given a representation π ∈ Irr(G(E)) and a character χ of G(F ), if Hom G(F ) (π, χ) = 0, then π is said to be (G(F ), χ)-distinguished. If χ is a trivial character, then π is called a G(F )-distinguished representation. Moreover, Dipendra Prasad [21, §16 ] has a precise conjecture regarding to the multiplicity dim Hom G(F ) (π, χ G ) where χ G is a quadratic character defined in [21, §10] depending on the reductive group G and the quadratic field extension E/F .
It turns out that the disctinction problems for the pair (Mp 2n (E), Sp 2n (F )) are related to the Prasad conjecture for the general spin group GSpin 2n+1 . (See §7.2 for more details.)
Let (W n , −, − ) be a 2n-dimensional symplectic space over F with associated symplectic group Sp(W n ) = Sp 2n (F ). Set Mp(W n ) = Mp 2n (F ) to be the unique nontrivial two-fold metaplectic cover of Sp 2n (F ) with multiplication (g 1 , ǫ 1 )(g 2 , ǫ 2 ) = (g 1 g 2 , ǫ 1 ǫ 2 c Rao (g 1 , g 2 )) where g i ∈ Sp 2n (F ), ǫ i ∈ µ 2 and c Rao (g 1 , g 2 ) is Rao-cocycle. (See [13, Theorem I.4.5] . ) Let W n ⊗ F E = W n,E be the 2n-dimensional symplectic vector space over E with symplectic group Sp 2n (E). So W ′ = Res E/F (W n,E ) with symplectic form 1 2 tr E/F • −, − E is a 4n-dimensional symplectic space over F. There is a natural group embedding i : Sp 2n (E) = Sp(W n,E ) ֒→ Sp(W ′ ) = Sp 4n (F ) and the preimage of i(Sp 2n (E)) in Mp 4n (F ) is isomorphic to the two-fold metaplectic cover Mp 2n (E) of Sp 2n (E). There is a commutative diagram
and there exists a splitting Sp 2n (F ) ֒→ Mp 2n (E) due to the group embedding Sp(W n ) ֒→ Sp(W n,E ) (see §4). Given a genuine representation τ of Mp 2n (E), i.e.
τ (ǫg) = ǫ · τ (g) for ǫ ∈ µ 2 andg ∈ Mp 2n (E), with central character ω τ satisfying ω τ (−1) = 1, where −1 means (−1, 1) ∈ Mp 2n (E), we will consider the metaplectic distinction problem for the pair (Mp 2n (E), Sp 2n (F )), i.e. to determine the multiplicity dim Hom Sp 2n (F ) (τ, C).
In this paper, we will mainly use theta correspondence to deal with such a kind of distinction problem. Fix a nontrivial additive character ψ of F. Due to Waldspurger's results [26] , there is a bijection
where D is the unique quaternion division algebra over F and Irr(Mp 2 (F )) is the set of irreducible genuine smooth representations of Mp 2 (F ). Gan-Savin established a bijection for higher dimension in [9] . Theorem 1.1 (Gan-Savin). There is a bijection
) is the split (resp. non-split) quadratic space with trivial discriminant and dimension 2n + 1 over F. This bijection is given by the local theta correspondence for the group Mp(W n ) × SO(V ± 2n+1 ), depending on ψ. Moreover, the representation θ ψ (τ ) is tempered (resp. square-integrable) if and only if τ ∈ Irr(Mp(W n )) is tempered (resp. square-integrable).
Fix an additive character ψ • 1 2 tr E/F of E, still denoted by ψ. Suppose that τ ∈ Irr(Mp 2n (E)) associated with an enhanced Langlands parameter (φ τ , η τ ) where
φ i are distinct irreducible representations with multiplicity m i = m φτ (φ i ) in φ τ and η τ is a character of the component group
is the centralizer of φ τ with connected component C
• φτ . The component group A φτ is given by
We will use −1 to denote the sum
is called conjugate-orthogonal if there exist a bilinear form B on M such that
for all m, m ′ ∈ M and t ∈ W D E .
Denote τ δ to be the representation obtained via the adjoint action of g δ = δ 1 in the similitude group
be the local root number defined in [6, §5] .
Then the enhanced L-parameter of the conjugated representation τ δ is given by
where χ δ (e) = δ, e E for e ∈ E × , −, − E is the Hilbert symbol and
Using the see-saw identity and Mackey Theory, we have the following results: 
where
Let us give a brief introduction to the proof of Theorem 1.3. Assume that τ δ corresponds to the representation π of PGL 2 (E) under θ ψ . Then the sum below (which is well-known) 
We also have an analogue result for the higher dimension. (See §5 and §7.1 for more details.) Now we briefly describe the contents and the organization of this paper. In §2, we set up the notation about the local theta lifts. Then we recall the classification for genuine representations of Mp 2 in §3. In §4, we will focus on the explicit splitting Sp 2n (F ) ֒→ Mp 2n (E). The proof of Theorem 1.3 will be given in §5. Then we use the results of metaplectic disctinction problems to deal with the distinction problem of the classical group PGSp 4 related to the Saito-Kurokawa lifts in §6. Finally we give a short discussion for the relation between the Prasad conjecture for the group GSpin 2n+1 and metaplectic distinction problems in §7.2.
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The Local Theta Correspondences
In this section, we will briefly recall some results about the local theta correspondence, following [13] . Let F be a local field of characteristic zero. Consider the dual pair O(V ) × Mp(W ). For our purpose, we may assume that dim V is odd . Fix a nontrivial additive character ψ of F. Let ω ψ be the Weil representation for O(V ) × Mp(W ). If π is an irreducible (genuine) representation of O(V ) (resp. Mp(W )), the maximal π-isotypic quotient of the Weil representation ω ψ has the form
for some smooth genuine representation of Mp(W ) (resp. some smooth representation of O(V )). We call Θ ψ (π) or Θ V,W,ψ (π) (resp. Θ W,V,ψ (π)) the big theta lift of π. Let θ ψ (π) or θ V,W,ψ (π) (resp. θ W,V,ψ (π)) be the maximal semisimple quotient of Θ ψ (π), which is called the small theta lift of π.
It is called the Howe duality conjecture which has been proven by Waldspurger [25] when p = 2.
2.1. First occurence indices for pairs of orthogonal Witt towers. Let W n be the 2n-dimensional symplectic vector space over F with associated metaplectic group Mp(W n ) and consider the two towers of orthogonal groups attached to the quadratic spaces with trivial discriminant. More precisely, let V 3 (resp. D • ) be the 3-dimensional quadratic vector space in the 4-dimensional split (resp. non-split) quaternion algebra over F , let H be the hyperbolic plane over F ,
and denote the orthogonal groups by O(V 
2.2.
See-saw identities. Let (V, q) be a quadratic vector space over E. Let V ′ = Res E/F V be the same space V but now thought of as a vector space over F with a quadratic form
If W 0 is a symplectic vector space over F, then W 0 ⊗ F E is a symplectic vector space over E. Then we have the following isomorphism of symplectic spaces:
Then we have an isomorphism
The proof is similar to the one given by Prasad in [20, Page 6]. So we omit it here.
Representations of metaplectic group Mp 2
The whole material in this section comes from [5, §2] . The Weil representation ω ψ of Mp 2 (F ) which is realized on the Schwartz space S(F ) is reducible, and decomposes as
where ω + ψ is realized on the subspace of even functions and ω − ψ is realized on the subspace of odd functions.
consisting of smooth functions f :
is the genuine character ofT associated to the Weil index γ(ψ) (see [13, Page 17] ) and
where (−1, 1) lies in the center of Mp 2 (F ) and ψ −1 (x) = ψ(−x) for x ∈ F.
Proposition 3.1 (Waldspurger) .
, where χ is a quadratic character, then we have a short exact sequence:
We call st ψ (χ) the Steinberg representation associated to (ψ, χ). When the character χ = 1, we shall simply write st ψ .
(iii) If µ = χ| − | −1/2 then we have a short exact sequence 
The representations on the first row correspond to those on the second row under theta correspondence. Table 2 . Theta correspondence between P D × and Mp 2 (F )
These tables will be very useful in the proof of Theorem 1.3.
The splitting Sp 2n (F ) ֒→ Mp 2n (E)
This section focuses on the concrete splitting map Sp 2n (F ) ֒→ Mp 2n (E). Recall that
for (g i , ǫ i ) ∈ Mp 2n (E), where
is a cocycle defined in [14, Theorem I.4.5], i.e.
where c ∈ {±1} is a constant and 
is trivial when restricted on
due to the group embedding Sp 2n (F ) = Sp(W n ) ֒→ Sp(W n,E ) = Sp 2n (E). Given a representation τ ∈ Irr(Mp 2n (E)) and g ∈ GSp 2n (E), we define
Lemma 4.1. Given g ∈ GSp 2n (F ) and τ ∈ Irr(Mp 2n (E)), we have
It follows from the fact that GSp 2n (F ) normalizes the subgroup Sp 2n (F ) in Mp 2n (E).
Proof of Theorem 1.3
The key idea in the proof of Theorem 1.3 is to use the see-saw identity to transfer the metaplectic distinction problem to that of the pair (PGL 2 (E), PGL 2 (F )), which has been studied in [16, Theorem 2.5.2].
Let P = M · N be the Siegel parabolic subgroup of Sp(W n ). Then the preimageP of P in Mp(W n ) is of the formP =M · N whereM = GL n (F ) is a 2-fold cover of GL n (F ). There is a natural genuine character of GL n (F ) defined by
for g ∈ GL n (F ) and ǫ ∈ {±1}. Let I(s) be the degenerate principal series representation of Mp(W n ), i.e.
which consists of the smooth functions f : Mp(W n ) → C such that
Lemma 5.1. Suppose that n = 2 and the map
is the embedding due to the geometric embedding Sp(
).
Note that the double coset decomposition forP \Mp 4 (F )/Mp 2 (E) = P \Sp 4 (F )/SL 2 (E) implies that Proof. This is due to the Casselman criterion for temperedness [1, Proposition 3.5] . Let us consider the general case. Given a tempered representation τ of Mp 2n (E) and the degenerate principal series representation I(s) of Mp 4n (F ), then it turns out that τ does not occur on the boundary of I(s 0 ) with s 0 ≥ 0. Note that there are (n+1) orbits in the double coset decompositionP \Mp 4n (F )/Mp 2n (E), where P is the Siegel parabolic subgroup of Sp 4n (F ) andP is its preimage in Mp 4n (F ). There is a decreasing Mp 2n (E)-equivariant filtration
Sp 2n (F ) C and
, where M at m,n (F ) is the matrix space consisting of all m × n matrices and Sym i (E) consists of symmetric matrices in M at i,i (E). If with µ unitary and α ≤ 0, we obtain that the tempered representation τ does not occur on the boundary of I(0), i.e. Hom Mp 2n (E) (I(0), τ ) = 0 which implies that
Thus we have finished the proof.
Now we start to prove Theorem 1.3.
Proof of Theorem 1.3. Let τ be a genuine representation of Mp(W 1,E ) = Mp 2 (E) where
, where π is a square-integrable representation of PGL 2 (E). Then the character η τ δ of the component group A φ τ δ = A φτ is trivial, i.e.
and the see-saw identity implies that
where R 2,1 (1) is the big theta lift to Mp 4 (F ) of the trivial representation of PGL 2 (F ). By the structure of the degenerate principal series I(0) of Mp 4 (F ) (see [8, Proposition 7 .2]), we have
where R 3,0 (1) is the big theta lift to Mp 4 (F ) of the trivial representation from the non-split group P D × . Hence one has
Since τ δ is a square-integrable representation, Proposition 5.2 implies that τ δ does not occur on the boundary of I(0). So we can obtain the identity dim Hom SL2(F ) (τ, C) = dim Hom Mp 2 (E) (I(0), τ δ ) = 2 dim Hom PGL 2 (F ) (π, C) = 2, if φ π is conjugete-orthogonal; 0, otherwise.
Here we use the fact that dim Hom P D × (π, C) = dim Hom PGL2(F ) (π, C) for a square-integrable representation π of PGL 2 (E), due to [19, 
(See [23, Page 219] for more details.) Here V 5,E = V + 5 ⊗ F E and SO(V 5,E ) ∼ = PGSp 4 (E). Consider the following see-saw diagrams 
Since (1), one has
In fact, if τ δ = θ ψ (π DE ), then η τ δ is a nontrivial character of the component group A φτ , i.e.,
and so τ does not occur on the boundary of I(0). Thus
0 other cases.
Here we use the result for PGL(2)-distinction problems that π(µ, µ 
s s s s s s s s s s
where τ is a representation of Mp(W 1,E ) and C is the trivial representation of Sp(
0, otherwise.
2 , then we have the following identity
This finishes the proof of Theorem 1.3.
Remark 5.3. Although [8, Proposition 7.2] is written in the sence of orthogonal group O 2n+1 (F ), it also works for the special orthogonal group SO 2n+1 (F ) due to the conservation relation.
Application to the Saito-Kurokawa lift
In this section, we use the results of metaplectic distinction problems to deal with the distinction problems for the split group PGSp 4 ∼ = SO 3,2 and its pure inner form PGSp 1,1 ∼ = SO 4,1 over a quadratic extension E/F . Given a discrete series representation π of PGL 2 (E), one may consider the composition of theta lifts via
We will denote them by SK(π) and SK(π DE ) respectively. If π is an irreducible principal series representation, then π DE does not exist. Given an irreducible square-integrable genuine representation τ = Θ ψ (π) of Mp(W 1,E ), the Saito-Kurokawa packet of PGSp 4 (E) associated to π has two elements
where V 4,E (resp. V DE ) is the 4-dimensional split (resp. non-split) quadratic space over E with trivial discriminant, π ⊠ C (resp. π DE ⊠ C) is an irreducible representation of GSO(V 4,E ) (resp. GSO(V D E )) and 
Then the multiplicity dim Hom Mp 2 (E) (I(1), τ ) equals to
where (6.1) holds due to Theorem 1.3. The desired identity follows from the results for PGL 2 (F )-distinction problems obtained in [16, Theorem 2.5.2], which means that
, then the big theta lift Θ W1,E ,V5,E ,ψ (τ ) is irreducible. Note that there are 2 orbits for the double coset decompositionP \Mp 4 (F )/Mp 2 (E) in (5.1). Moreover, we have
E . So τ does not occur on the boudary of I(1). Therefore, one has dim Hom
Here we use the fact τ δ ∼ = π ψ (µ · χ δ ). Together with Theorem 1.3, we can obtain that if the character
Note that the see-saw diagram

Hence we have completed the proof.
Remark 6.2. There is a nontempered representation of PGSp 4 (E) inside the Saito-Kurokawa packet, so it does not belong to the cases discussed in [17] , where the Prasad conjecture [21] holds for the tempered representations of PGSp 4 .
On the Prasad conjecture
In this section, we study the metaplectic distinction problem for higher dimension. Then we combine the Prasad conjecture to formulate a conjectural identity for the multiplicity
where τ is a square-integrable representation of Mp 2n (E). Proof. Here we give a general result for the pair (Mp 2n (E), Sp 2n (F )) and a tempered representation π.
) is the (2n + 1)-dimensional split (resp. non-split) quadratic space of trivial discriminant. Set V 2n+1,E = V + 2n+1 ⊗ F E. Assume that I(s) is the degenerate principal series representation of Mp 4n (F ). Due to the following diagram
is tempered due to Theorem1.1 and hence Proposition 5.2 implies that τ δ does not occur on the boundary of I(0). Then
Thanks to [8, Proposition 7.2] , the degenerate principal series I(0) is the direct sum
where R n+1,n (1) (resp. R n+2,n−1 (1)) is the big theta lift of trivial representation from SO(V
while the right hand side is equal to the sum dim Hom SO(V (E) associated to π (see [9] ), which is given by
Given τ ∈ W d ψ (π) with an enhanced L-parameter (φ τ , η τ ), where η τ is a character of A φτ ∼ = (Z/2Z) r , if
If n = 1, it revisits the result in Theorem 1.3 that
without referring to the PGSp 4 -distinction problems over a quadratic field extension E/F in [16] .
7.2.
Relation with the Prasad conjecture. In order to introduce the Prasad conjecture, we need some recipes. Let G be a quasi-split group defined over F . Let ρ be an irreducible representation of G(F ), i.e. ρ ∈ Irr(G(F )). Assume the Langlands-Vogan conjectures [6, §9] for G(F ). Given a representation ρ ∈ Irr(G(F )) with an enhanced L-parameter (φ ρ , λ), 
is the multiplicity of the trivial representation contained in the restricted representation λ| Aφ ;
is the base change map and deg Φ is the degree;
}| is the size of the coker. Here we consider the Prasad conjecture [21] for the general spin group G = GSpin 2n+1 . Let G = GSpin 2n+1 . The center Z G ∼ = GL 1 and the quotient group G/Z G is isomorphic to the special orthogonal group SO 2n+1 . If Gal(E/F ) = σ , then
and the quadratic character χ G is the character ω E/F associated with the extension E/F by Class Field Theory.
Given a square-integrable representation π of SO(V 2n+1,E ), there is a representation Π of GSpin(V 2n+1,E ) with trivial central character associated to π. Then we have (7.5) where χ E is a character of E × such that χ E | F × = ω E/F , and the right hand side is related to the number of inequivalent lifts of the Langlands parameter φ Π⊗χE by Conjecture 7.3. There is a conjectural identity for the square-integrable G(F )-distinguished representation Π of G(E) where the last equality holds due to (7.3).
Remark 7.6. Raphael Beuzart-Plessis [2] proved that the multiplicity dim Hom Gα(F ) (π, χ G )
is independent of the choice of the inner form G α , where π is a stable square-integrable representation of G(E) and G α is the inner form of G satisfying G α (E) = G(E). However, the conjectural identity (7.7) involves arbitrary irreducible G(F )-distinguished representation which may not be stable.
In fact, Conjecture 7.3 has been proved for PGL 2 and PGSp 4 if π is a tempered representation of PGSp 4 (E) in [16, 17] . Proposition 7.1 holds for a tempered representation τ of Mp 4 (E). However, we do not know whether (7.1) holds or not if τ is a non-tempered representation of Mp 4 (E).
Notice that GSpin 2n+1 = GSp 2n (C). Given an irreducible parameter if Π is a square-integrable GSpin 2n+1 (F )-distinguished representation of GSpin 2n+1 (E) with trivial central character.
It is believable that the pair (Mp 2n (E), Sp 2n (F )) is not a Gelfand Pair, i.e. for arbitrary n, there exists a representation τ ∈ Irr(Mp 2n (E)) such that dim Hom Sp 2n (F ) (τ, C) > 1.
Indeed, we have the following. 
